Math 1060 — 4.1 Notes
The Inverse Trigonometric Functions

In order for a function to have an inverse, the function must be one-to-one. In other words, it must pass
the horizontal line test. Since the trigonometric functions are periodic, we must restrict the domain so
that they will pass the horizontal line test. Therefore, the inverse functions will have a restricted range.
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The inverse sine function is sometimes called the arc sine, and is abbreviated arcsin (x) or sin™ ().
Similarly, the other inverse functions are often called the arc cosine and arc tangent, abbreviated

arccos(x) or cos™ (x) and arctan(x) or tan”" x.

C1gy | rx o
sin”' (x) is the angle in {—E,E} whose sine is x.
cos™' (x) is the angle in [0,7] whose cosine is x.

_ . . T .
tan”' (x) is the angle in (_E’Ej whose tangent is x.
Example: Find the exact value of each expression without using a table or calculator.

a) sin™ (lj b) arcsin(—ﬁ]
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c) tan”' (1) d) arccos(—%j



Example: Find the angle a.
a) sina=0.56, —90°<a <90° b) tana=-3, —n/2<a<n/2

¢) cosa=0.23, 0°<a<180° d) cosa=-0.82, 0<a<rm

Inverses of the Reciprocal Trigonometric Functions

csc™' (x) is the angle in {—%,OJ U(O,%} whose cosecant is x.

sec”' (x) is the angle in [O,%j u(%,n} whose secant is x.

cot ' (x) is the angle in (0,7) whose cotangent is x.

Identities
CSC_1 (x) = Sin_l (lj
X
-1 -1 1
sec” (x)=cos (_j
X
tan”' (1/x) for x>0
cot™ (X): tan”' (1/X)+7l' forx<O0 Cot_l(x) zg—tan_l(x)
/2 forx=0

Example: Find the exact value of each expression without using a table or calculator.

a) arcsec(—2) b) csc_l(\/z) c) arccot(?j

Example: Find the approximate value of each expression rounded to 4 decimal places.
a) arcesc(—1.4713) b) cot™ (-2.5) c) sec” (4.328)

Example: Find the exact value of each composition.

a) sin (cot™ (~1)) b) sin”’ (Sin (%ED ) aresin (COS (%D



Examples: Find the exact value of each composition.

a) sin (cos_1 (ED b) sec (arccot (iD
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Example: Find an equivalent algebraic expression for sin (arctan (x))

Example: Find an equivalent algebraic expression for cot (arccos (x))



Math 1060 — 4.2 Notes
Basic Sine, Cosine, and Tangent Equations

Basic steps for solving cos x = a:
1. Find all the angles on the unit circle (on [0,27]) that satisfy the equation. One of these solutions

will be s =cos™ a and the other will be 2z —s=27—cos ' a.
2. Add or subtract multiples of 27 from each angle.

Basic steps for solving sin x = a:
1. Find all the angles on the unit circle (on [0, 271'] ) that satisfy the equation. You can do this by
looking at the unit circle (usually this is less confusing) or by working algebraically. If
s =sin"" a >0, one of these solutions will be s =sin"' ¢ and the other willbe 7—s=7—sin"' a . If
s=sin"" a <0, the two solutions are s+2z =sin"'a+27 and t—s =7 —sin"" a.
2. Add or subtract multiples of 27 from each angle.

Don’t let the algebra freak you out! All you are doing is finding all the angles on the unit circle that
satisfy the equation and adding 2kz to each one to form your solution set.

Basic steps for solving tan x = a:
1. Find one angle on the unit circle that satisfies the equation. This will be either s =tan™" a if this
value is positive, or s+7 =tan"' a+x if s=tan"'a is negative.
2. Add or subtract multiples of « from each angle. (Remember that the tangent repeats every
instead of every 2 like sine and cosine).

Examples: Find all real numbers that satisfy each equation.

a) sinx=1 b) cosx=0
¢) cosx=—1/2 d) sinx=+2/2
e) tanxz—\/g f) tanx =1

g) sin x =—.4375 h) cosx=.8913



Examples: Find all angles in [O", 360°] that satisfy each equation
a) COSX=\/§/2 b) tanx=-3.5

Sometimes, you have to do a bit of algebra before you can use the techniques above.
a) Solve 2sina—1=0 for 0<a < 27. b) Solve 3sin(f)+6=>5sin(B)+7 for 0" < S <360°.

We can also solve trigonometric functions involving multiple variables for a specific variable by using the
definitions of the inverse functions.

Example: Solve b =7 tan (%) —d for a where —37” <a< 3—”
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Math 1060 — 4.3 Notes
Multiple Angle Equations

Often, equations involve expressions like sin2x, cos3a, or tan(x/2), all of which

involve multiples of the variable rather than a single variable. To solve these equations, we solve
for the multiple variable just as we would solve for a single variable and then multiply or divide
to get the single variable in the last step.

Example: Find all solutions in degrees to sin 2o =+/3/2.

Example: Find all solutions to tan(4x)=1in the interval (0,x).

Example: Find all real number solutions to cos(x/2) =\/§/2.

Example: Find all solutions to csc(2x):2x/§/3 in the interval (0°,360°).

The Path of a Projectile

The distance d (in feet) traveled by a projectile fired from the ground with an angle of elevation 6
is related to the initial velocity v, (in ft/sec) by the equation V. sin 20 =32d. If the projectile is
fired from the origin into the first quadrant, then the x- and y-coordinates (in feet) of the
projectile at time t (in seconds) are given by x =v,tcosd and y =—16¢° +v,zsin 6.



Example: A catapult is placed 100 feet from the castle wall, which is 35 feet high. A soldier
wants a burning bale of hay to clear the top of the wall and land 50 feet inside the castle wall. If
the initial velocity of the bale is 70 ft/sec, then at what angle should the bale of hay be launched

so that it will travel 150 feet and pass over the castle wall?



Math 1060 — 4.4 Notes

Trigonometric Equations of the Quadratic Type

A General Strategy for Solving Trigonometric Equations

1.

2.
3.

bt

Know the solutions to sinx =0, cosx=0, and tanx=0.

Solve an equation involving multiple angles as if the equation had a single variable.
Simplify complicated equations by using identities. If possible, try to get an equation
involving only one trigonometric function.

If possible, factor to get different trigonometric functions into separate factors.

For equations of the quadratic type, solve by factoring or by the quadratic formula.
Square each side of the equation, if necessary, so that identities involving squares can be
applied. (Remember that this sometimes leads to extraneous solutions—check your
answers.)

Examples: Find all real number solutions of the following equations.

a) sinxtan x+sinx=0 b) sin(2x)=cosx

Examples: Find all angles in [O°,360°) that satisfy the following equations.

a) 6cosz(§j—7cos(§j+2:0 b) cosa—sin*a=0



Examples: Find all solutions to the following equations in the interval [0, 2r).

a) $in 6— 008 & == b) sin(2x)=3cos(2x)

V2

Example: Find all angles in [0°,360°) that satisfy cos (2.x)cos(x)—sin(2x)sinx=~/3/2.

Example: Find all solutions in [0,27) that satisfy sin xcos (7/3) —cos xsin (7/3) =7/2/2.



